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—— Abstract

The circular dictionary matching problem is an extension of the classical dictionary matching problem
where every string in the dictionary is interpreted as a circular string: after reading the last character
of a string, we can move back to its first character. The circular dictionary matching problem is
motivated by applications in bioinformatics and computational geometry.

In 2011, Hon et al. [ISAAC 2011] showed how to efficiently solve circular dictionary matching
queries within compressed space by building on Mantaci et al’s e BWT and Sadakane’s compressed
suffix tree. The proposed solution is based on the assumption that the strings in the dictionary are
all distinct and non-periodic, no string is a circular rotation of some other string, and the strings in
the dictionary have similar lengths.

In this paper, we consider arbitrary dictionaries, and we show how to solve circular dictionary
matching queries in O((m + occ) logn) time within compressed space using nlogo(1+o0(1))+O(n)+
O(dlogn) bits, where n is the total length of the dictionary, m is the length of the pattern, occ
is the number of occurrences, d is the number of strings in the dictionary and o is the size of the
alphabet. Our solution is based on an extension of the suffix array to arbitrary dictionaries and a
sampling mechanism for the LCP array of a dictionary inspired by recent results in graph indexing
and compression.
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1 Introduction

The Burrows-Wheeler transform (BWT) [12] and the FM-index [27] support pattern matching
on the compressed representation of a single string. If we want to encode a collection T
of strings, we may append a distinct end-of-string $; to each string and store the Burrows-
Wheeler Transform of the concatenation of the strings. This approach is only a naive
extension of the BWT and can significantly increase the size of the alphabet. In 2007,
Mantaci et al. introduced the e BWT [40], a more sophisticated and elegant extension of
the BWT to a collection of strings. When sorting all suffixes of all strings in the collection,
Mantaci et al. define the mutual order between two suffixes T; and T} to be the mutual order
of T}” and T}’ in the lexicographic order, where 77" and T}’ are the infinite strings obtained
by concatenating T; with itself and T; with itself infinitely many times (see [13] for a recent
paper on different variants of the eBWT). From the definition of the eBWT we obtain that,
if we extend the backward search mechanism of the FM-index to multisets of strings, we are
not matching a pattern P against all suffixes T;’s, but against all strings T;”’s. Equivalently,
we are interpreting each string in the collection as a circular string in which, after reaching
the last character of the string, we can go back to its first character.
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In 2011, Hon et al. applied the framework of the eBWT to solve circular dictionary
matching queries [36], even if they explicitly spotted the relationship between their techniques
(which extends Sadakane’s compressed suffix tree [45] to a collection of strings) and the
eBWT only in a subsequent paper [32]. The circular dictionary matching problem is an
extension of the dictionary matching problem, which admits a classical solution based on
Aho-Corasick automata [1], as well as more recent solutions within compressed space [8, 34].
Other variations of the same problem include dictionary matching with gaps [6, 35, 5]
or mismatches [30], dictionary matching in the streaming model [16], dynamic dictionary
matching [31] and internal dictionary matching [14]. The circular dictionary matching
problem is motivated by some applications, see [38]. In bioinformatics, the genome of herpes
simplex virus (HSV-1) and many other viruses exists as circular strings [47], and microbial
samples collected from the environment directly without isolating and culturing the samples
have circular chromosomes [26, 46]. In computational geometry, a polygon can be stored
by listing its vertices in clockwise order. The circular dictionary matching problem has also
been studied from other perspectives (average-case behavior [37], approximate variants [15]).

1.1 Qur Contribution

Consider a dictionary T = (T1,T5, ..., Ty) of total length n on an alphabet of size o. In [36],
Hon et al. show that, by storing a data structure of nlogo(1l + o(1)) + O(n) + O(dlogn)
bits, it is possible to solve circular dictionary matching queries in O((m + occ) log' ™ n) time,
where m is the length of the pattern. This result holds under three assumptions: (i) the T},’s
are distinct and not periodic, (ii) no T}, is a circular rotation of some other T}/, and (iii) the
Ty,’s have bounded aspect ratio, namely, (max{_, 7},)/(miné_, T},) = O(1). Assumption (ii)
was made explicit only in the subsequent paper [32], where Hon et al. also mention that,
in an extension of the paper, they will show how to remove assumptions (i-ii). Assumption
(iii) is required to store a space-efficient data structure supporting longest common prefix
(LCP) queries. In [33], Hon et al. sketched a new data structure for LCP queries that uses
O(n + dlogn) bits without requiring assumption (iii), but all details are again deferred to an
extended version.
The main result of our paper is Theorem 1. In particular, we give two main contributions.
We obtain results that are valid for an arbitrary dictionary 7, without imposing any
restriction. To this end, in Section 3.2 we introduce a more general compressed suffix
array for an arbitrary collection of strings. In particular, we support LCP functionality
within only O(n) + o(nlogo) bits by using a sampling mechanism inspired by recent
results [23, 17] on Wheeler automata.
We provide a self-contained proof of our result and a full example of the data structure
for solving circular dictionary matching queries. The original paper [36] contains the
main ideas to extend Sadakane’s compressed suffix tree to a multiset of strings, but it
is very dense and proofs are often only sketched or missing, which may explain why
additional properties to potentially remove assumptions (i - iii) were only observed in
subsequent papers. We will provide an intuitive explanation of several steps by using
graphs (and in particular cycles, see Figure 2), consistently with a research line that has
shown how the suffix array, the Burrows-Wheeler transform and the FM-index admit a
natural interpretation in the graph setting [29, 3, 24, 22, 18, 4, 2, 25, 20].
We will also show that the time bound of Theorem 1 can be improved when the number of
occurrences is large.
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T a b a c b b c c a b
k 5 6 8 9 10 11 12 13 14
By [k] 1 0 0 0 1 0 0 0 1 0 0
(a)
5 D, j [ LCPlj] [ BWT[] [ BWT'[j] [ Balj]
a b c 1
a b c 4 1 c a 1
a b c a b c 13
a b ¢ b 9 2 3 c a 0
b ¢ a 2
b ¢ a 5 3 0 a b 1
b ¢ a b ¢ a 14
b ¢ a b 7 c
b ¢ b c 10| 5 a
c a b 3
c a b 6 6 0 b c 1
c a b ¢ a b 12
c a b c 8 7 4 b c
c b ¢ a 11| 8 b c
(b)

Figure 1 Consider the dictionary 7 = (abcabc, beabe, cab), our running example. In (b), the
strings S;’s are sorted lexicographically, and every block identifies strings T3’s that correspond to
the same S;. Each string T} is the orange prefix of S;. For example, we have 4 € D1, 71 = abcabe
and S1 = (abc)”.

The paper is organized as follows. In Section 2 we introduce the circular dictionary
matching problem. In Section 3 we define our compressed suffix tree. In Section 4 we present
an algorithm for circular dictionary matching. Due to space constraints, most proofs and
some auxiliary results can be found in the full version [21].

2 Preliminaries

Let ¥ be a finite alphabet of size o = |X|. We denote by ¥* the set of all finite strings on

¥ (including the empty string €) and by X¢ the set of all countably infinite strings on X.
For example, if ¥ = {a, b}, then abbba is a string in ¥* and ababab... is a string in X¢.

If T € ¥*, we denote by |T| the length of T If 1 < 4 < |T|, we denote by T'[¢] the i-th
character of T, and if 1 < i < j < |T|, we define T[¢,j] = T[i|T[i +1]...T[j — 1|T[j]. If
i > 7, let T[i, j] = €. Analogously, if T € X*, then T[] is the i-th character of T, we have
Tli, 7] =Tl Tli+1]...T[j — 1|T[j] for every j > i > 1, and if i > j we have T[i, j] = €.

If T € 3%, then for every integer z > 1 the string 7% € ¥* is defined by 77 =TT ... T,
where T is repeated z times, and the string 7% € ¥¢ is defined by 7% =T7TT ..., where T
is repeated infinitely many times. Given T7,T5 € ¥* U X%, let lep(T3,T2) be the length of
the longest common prefix between T7 and T5.

We say that a string T' € ¥* is primitive is for every S € ¥* and for every integer z > 1,
ifT'= 5% then z=1and T = S. For every T € ¥*, there exists exactly one primitive string
R € ¥* and exactly one integer z > 1 such that T'= R* (see [39, Prop. 1.3.1]; we say that R
is the root of T and we write R = p(T).

18:3
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Let T € ¥* a string of length n. We define the following queries on T (i) access(T,):
given 1 <4 <, return T'[¢]; (ii) rank.(7,7): given c € ¥ and 1 < i < n, return [{1 < h <
i | T[h] = c}|; (iii) select.(T,i): given ¢ € ¥ and 1 < i < rank.(T,n), return the unique
1 < j < nsuch that T[j] = cand |{1 < h < j | T[h] = c¢}| = i. To handle limit cases easily,
it is expedient to define select.(T,rank.(T,n) + 1) = n + 1. A bit array of length n can be
stored using a data structure (called bitvector) of n + o(n) bits that supports access, rank
and select queries in O(1) time [42].

We consider a fixed total order < on ¥ and we extend it to X* U X% lexicographically.
For every T1,T» € ¥* U X%, we write Th < Ty if (T4 <X T3) A (Ty # T3). In our examples
(see e.g. Figure 1), X is a subset of the English alphabet and < is the usual order on
letters. In our data structures, ¥ = {0,1,...,]|X| — 1} and = is the usual order such that
0<1=<---<|X|—-1.

2.1 Circular Dictionary Matching

Let T, P € ¥* and P. For every 1 < i < |P|—|T|+ 1, we say that T occurs in P at position
iif Pli,i+ |T|—1] =T.

Let T € ¥* and let 1 < ¢ <|T|. The circular suffiz T; of T is the string T, |T||T[1, i — 1].
For example, if T' = cab, then T} = cab, T = abc and T3 = bca.

Let d > 1, and let T1,75,...,T; € ¥* be nonempty strings. We say that T =
(Th,Ts,...,Ty) is a dictionary. We assume that the alphabet X is effective, that is, every
character in ¥ occurs in some T} (our results could be extended to larger alphabets by
using standard tools such as dictionaries [42, 22]). Define the total length n of T to be
n= Zzzl |T%|. In the example of Figure la, we have d = 3 and n = 14. For every 1 < k < n,
the circular suffix 75 of T is the string T (g), where f is the largest integer in {1,2,...,d}
such that Zi;} |Th| < k and 1 < g < |Ty| is such that k = (Zi;} |Th|) + g. In other
words, the circular suffix 7 is the circular suffix starting at position k& in the concatenation
T1\T5...T,;. In Figure 1, if k = 13, we have f = 3, g = 2 and 713 = abc. Given a pattern
P € ¥*, where |P| = m, define:

Cdm(T,P) ={(i, k) € {1,2,...,m} x {1,2,...,n} | Ti occurs in P at position i}

and let occ = |Cdm(T, P)|. For example, if P = abcbea, in the example of Figure 1 we have
Cdm(T,P) ={(1,9),(1,13),(2,10), (4,14)} and occ = 4.
The main result of this paper is the following.

» Theorem 1. Let T = (T1, T, ..., Ty) be a dictionary of total length n. Then, T can be
encoded using a data structure of nlogo(1+o(1)) + O(n)+ O(dlogn) bits such that, given a
string P of length m, we can compute Cdm(T, P) in O((m + occ)logn) time.

We can also improve the time bound in Theorem 1 to O(mlogn + min{occlogn,nlogn +
occ}), without needing to know the value occ in advance. This is useful if occ is large.

Following Hon et al. [36], we will build a data structure that extends Sadakane’s suffix
tree to 7. We will achieve the space bound in Theorem 1 as follows. (i) We will store the
FM-index of T using nlogo(1 4 o(1)) + O(n) bits, see Theorem 9. (ii) We will introduce
a notion of suffix array (Section 3.2) and a notion of longest comment prefix (LCP) array
(Section 3.3). Storing the suffix array and LCP array explicitly would require O(nlogn) bits
so, in both cases, we will only store a sample (Theorem 10 and Theorem 13), leading to a
compressed representation of both arrays. (iii) We will store some auxiliary data structures
(O(n) bits in total): 8 bitvectors (called By-Bg), a data structure supporting range minimum
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queries on the LCP array (see Section 3.3), a data structure storing the topology of the suffix
tree (see Section 3.4), a data structure storing the topology of the auxiliary tree Suff*(7T)
(see Section 4), and a data structure supporting range minimum queries on the auxiliary
array Len (see Section 4).

3 The Compressed Suffix Tree of T

In this section, we extend Sadakane’s compressed suffix tree to the dictionary 7. To this
end, we will introduce a BWT-based encoding of 7 (Section 3.1), a compressed suffix array
(Section 3.2), an LCP array (Section 3.3), and the topology of the suffix tree (Section 3.4).

3.1 The Burrows-Wheeler Transform and the FM-index of T

Let us consider our dictionary 7 (recall that n = Zi:l |T:|). We can naturally define a
bijective function ¢ from the set {1,2,...,n} to the set {(f,g9) | 1 < f <d,1 < g < |T¥|}
such that, if ¢(k) = (f,g), then the k-th character of the concatenation 7175 ... Ty is the
g-th character of Ty. For example, in Figure 1 we have ¢(13) = (3,2). Let us define a
bitvector B; to compute ¢ and ¢~! in O(1) time. Bj is the bitvector of length n that
contains exactly d ones such that, for every 1 < h < d, the number of consecutive zeros
after the h-th one is |Tj| — 1 (see Figure la). Assume that ¢(k) = (f,g). Given k, we
have f = ranky(B1,k) and g = k — select; (B1, f) + 1. Conversely, given f and g, we have
k = select;(By, f) + g — 1. Note that in O(1) time we can also compute |T}| for every
1 < h < d, because |Tj,| = select; (B, h + 1) — select; (B, h).

To exploit the circular nature of the dictionary, we will not sort the finite strings 7;’s,
but we will sort the infinite strings 7:°’s, and the suffix tree of 7" will be the trie of the
Ti’s. Notice that we may have T = T+ for distinet 1 < k, k" < n (in Figure 1, we have
Ti = Ta = Ti3 = (abe)¥). The next lemma shows that this happens exactly when T and Ty
have the same root.

» Lemma 2. Let T be o dictionary, and let 1 < k. k' <n. Then, T =T if and only if
p(Ti) = p(Tir)-

The next step is to sort the “suffixes” 7i’s. Since in general the Tj’s are not pairwise
distinct, we will use an ordered partition (see Figure 1b).

» Definition 3. Let T be a dictionary.
Let D = (D1, Da, ..., Dy ) be the ordered partition of {1,2,...,n} such that, for every
kK e€{1,2,...,n}, (i) if k and k' are in the same D;, then T =T and (i) if k € Dy,
k'€ Dj and j < j', then T < Tg.
For every 1 < j <n/, let S; =T, where 1 <k <n is such that k € Dj.

Note that S; is well defined because it does not depend on the choice of k£ € D; by the
definition of D. Note also that S < Sy < -+ < S,/.

Let 1 < k < n, and assume that ¢(k) = (f,g). Define pred(k) as follows: (i) if g > 2,
then pred(k) = k — 1, and (ii) if g = 1, then pred(k) = ¢~ *(f,|T%|). In other words, pred(k)
equals k£ — 1, modulo staying within the same string of 7. In Figure la, we have pred(9) = 8,
pred(8) = 7 but pred(7) = 11. For every 1 < k < n, we can compute pred(k) in O(1) time
by using the bitvector B;: if By[k] = 0, then pred(k) = k — 1, and if By[k] = 1, then
pred(k) = selecty (rank; (B, k) + 1) — 1.
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{1,4,13} {2,5,14} {9} {10} {11}

Figure 2 The graph G for the dictionary T = (abcabc, beabe, cab) of Figure 1.

IfU C{1,2,...,n}, define pred(U) = |J,c;y pred(k). Since the function pred is a premuta-
tion of the set {1,2,...,n}, we always have |pred(U)| = |U| for every U C {1,2,...,n}. Let
us prove that pred yields a permutation of the D;’s.

» Lemma 4. Let T be a dictionary, and let 1 < j < n'. Then, there exists 1 < j' < n such
that pred(D;) = Dj;,. Moreover, if c = Sj/[1], we have S;: = ¢S;.

For every 1 < j <n/, let ¥(j) = j/, where pred(D;) = D;s as in Lemma 4. Notice that v
is permutation of {1,2,...,n'} because it is subjective: indeed, for every 1 < j' < n/| if we
pick any k' € Dj/, and consider 1 < k < n/ such that &’ = pred(k) and 1 < j < n’ such that
k € Dj, then pred(D;) = Dj.. Moreover, for every 1 < j < n’ define u(j) = Sy(;)[1]. By
Lemma 4, we know that Sy, ;) = u(j)S; for every 1 < j <n'.

We can visualize 1 by drawing a (directed edge-labeled) graph G+ = (V, E), where
V={D;|1<j<n'}and E = {(Dy;),Dj,pu(j) | 1 < j < n'}, see Figure 2. Since v is
a permutation of {1,2,...,n}, then every node of G has exactly one incoming edge and
exactly one ongoing edge, so G is the disjoint union of some cycles. Moreover, for every
1 < j < n/ the infinite string that we can read starting from node D; and following the edges
of the corresponding cycle is S, because we know that Sy(;) = p(4)S; for every 1 < j' <n/.
For example, in Figure 2 the infinite string that we can read starting from D3 is S5 = (bca)v.

We will not explicitly build the graph G to solve circular dictionary matching queries,
but G naturally captures the cyclic nature of 7 and will help us detect some properties of
the D;’s. For example, since we know that the infinite string starting from node Dj is §;,
and §; < Sy < -+- < 8y, we can easily infer the following properties (see Figure 2): if we
consider two edges (Dj:, Dj,,c) and (Dj;, Dj,,d), then (i) if ji < j, then ¢ < d, and (ii) if
c¢c=d and ji < j4, then j; < jo. We can formalize these properties in our graph-free setting
as follows.

» Lemma 5. Let T be a dictionary. let 1 < ji,j1, 42,55 < n' and ¢,d € ¥ such that
Sji = c§j, and Sj; = dS;j,.

1. (Property 1) If §5 < jb, then ¢ < d.

2. (Property 2) If c = d and j; < jb, then j1 < ja.

We now want to extend the backward search [27] to our dictionary 7. We will again use
G to guide our intuition. Given U C {1,2,...,n'} and given ¢ € X, let back(U, ¢) be the
set of all 1 < j' < n' such that there exists an edge (Dj/, Dj, c) for some j € U. For example,
in Figure 2 we have back({6,7,8},b) = {3,4,5}. Notice that {6,7,8} is convex, and {3,4,5}
is also convex. This is true in general: back(U, ¢) is always convex if U is convex. Indeed, if
Ji < j' < jhand ji, g4 € back(U, ¢), then from the properties of G mentioned before Lemma
5 we first conclude that the edge leaving node D;: is labeled with ¢, and then we infer that
the node D; reached by this edge must be such that j € U, which implies j' € back(U, ¢).
We can now formally define back(U, ¢) in our graph-free setting and prove that back(U, ¢) is
convex if U is convex.
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» Definition 6. Let T be a dictionary, let U C {1,2,...,n'} and let ¢ € X. Define
back(U, c) = {1 < j' < n/| there ezists j € U such that Sj; = ¢S;}.

Note that, if Uy C Uy € {1,2,...,n'} and ¢ € ¥, then back(Uy, ¢) C back(Us, ¢).

» Lemma 7. Let T be a dictionary, let U C {1,2,...,n'} and let ¢ € . If U is convex,
then back(U, ¢) is conver.

Let us define the Burrows-Wheeler transform (BWT) of 7.

» Definition 8. Let T be a dictionary. Define the string BWT € X* of length n’ such that
BWTI[j] = p(j) for every 1 <j <n'.

In other words, BWT(j] is the label of the edge reaching node D; for every 1 < j <n’
(see Figure 1b and Figure 2). The data structure that we will define in Theorem 9 is based
on two sequences, BWT" and B, that are related to BWT (see Figure 1b). The sequence
BWT™ is obtained from BWT by sorting its elements. We know that for every pair of edges
(Djr, Dj,,c) and (Dy;, Dj,,d), if j1 < js, then ¢ =< d, so BWT"[j] is the label of the edge
leaving node Dj for every 1 < j < n/, which implies BWT"[j] = §;[1] for every 1 < j < n/.
The bitvector By has length n’ and is obtained by marking with 1 the beginning of each
equal-letter run in BWT*. Formally, for every 1 < j < n/, we have By[j] = 1 if and only
ifj=1o0r (j >2)A(BWT*[j — 1] # BWT"[j]). Since the alphabet is effective, the set
{select; (Ba, ¢), select; (Ba, ¢) + 1,select; (Bz,¢) + 2,...,select; (Ba,c + 1) — 2, selecty (Ba, ¢ +
1) — 1} consists of all 1 < j* < n’ such that the edge leaving node D; is labeled with c.

We can now extend the properties of the Burrows-Wheeler Transform and the FM-index
to 7. In particular, we will show that BWT if an encoding of G7. This result shows that
BWT is related to the e BWT of Mantaci et al. [40], but there are two main differences: (1)
we do not need assumptions (i-ii) in Section 1 to define BWT (in particular, the T},’s need
not be primitive), and (2) BWT is an encoding of G but not of 7 (namely, BWT encodes
the cyclic nature of the T},’s and not a specific circular suffix of each T}). To extend the
FM-index to 7T, we will once again base our intuition on Gr.

Recall that two (directed edge-labeled) graphs G; = (Vi, Eq) and Gy = (Va, Ea) are
isomorphic if there exists a bijection f from V; to V5 such that for every u,v € Vi and for
every ¢ € ¥ we have (u,v,c) € Fy if and only if (f(u), f(v),¢) € E2. In other words, two
graphs are isomorphic if they are the same graph up to renaming the nodes.

» Theorem 9. Let T be a dictionary.

1. BWT is an encoding of G, that is, given BWT, we can retrieve Gy up to isomorphism.

2. There exists a data structure encoding G of n’logo(1+ o(1)) + O(n’) bits that supports
the following queries in O(loglog o) time: (i) access, rank, and select queries on BWT, (i)
bws(4,r,¢): givenl < £ <r <n' andc € X, decide if back({¢,{+1,...,1},¢) is empty and,
if it is nonempty, return £’ and v’ such that back({¢, ¢+ 1,...,r},c)={0,0'+1,...,r'},
(7i7) prev(j): given 1 < j <n/, return 1 < j' < n' such that pred(D;) = D/, and (iv)
follow(j"): given 1 < j' <n/, return 1 < j <n’ such that pred(D;) = D:.

Note that, even if BWT is an encoding of G, it is not an encoding of T (in particular,
from G7 we cannot recover 7). This is true even when all D;’s are singletons because G
only stores circular strings, so we cannot retrieve the bitvector By the marks the beginning
of each string (we cannot even retrieve the specific enumeration T4, T, ..., Ty of the strings

inT).
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t 1 2 3 4 5 6 7 8 9 10 11
Bt | 1o o 1 o0 o0 O 0O 1 0 O
SA] | 1 13 9 2 14 7 10 3 12 8 11
Bgt) ] 1 0o 1 1 o 1 1 1 o0 1 1
SA[E] [ 1 9 14 7 3 12 11
Bsit) [ 1 0o 1 0 1 1 0 1
lent] | 6 3 5 6 3 5 5 6 3 5 5

Figure 3 The compressed suffix array of the dictionary T = (abcabe, beabe, cab) in Figure 1. We
use the sampling factor s = 2.

3.2 The Compressed Suffix Array of T

We know that D = (Dq, Da, ..., D,/) is an ordered partition of {1,2,...,n}, and we know
that §; < So < --- < S,v. The suffix array of 7 should be defined in such a way that we can
answer the following query: given 1 < j <n/, return the set D,.

In the following, we say that a position 1 < k < n refers to the string T}, if h = rankq (B, k).
Every position refers to exactly one string. Notice that a set D; may contain elements that
refer to the same string Ty,. In Figure 1, we have 2,5 € D3, and both 2 and 5 refer to 77.
This happens because T7 is not a primitive string. Let us show that, if we know any element
of D; referring to T},, we can retrieve all elements of D; referring to 1},

For every 1 < h < d, let p;, be the root of T},. Then, |T},] is divisible by |pp|, and for every
1 < k < n the root p(Ty) of Ty is Tg[1, pr], where k refers to string T},. For every 1 < h < d,
let kj, = select;(B1, h) be the index in {1,2,...,n} corresponding to the first character of Tj,.

Fix 1 <j<nand 1 < h <d, and let kK € D; any position referring to Tj. For
every k' referring to T}, we have k' € D; if and only if p(7;) = p(Tis) (by Lemma 2),
if and only if Ti[1, pr] = Te/[1, pr], if and only if |k' — k| is a multiple of |pp|. Then, if
G is the set of all elements of D; referring to T, we have G = {kj, + (k — kn + w|ps|
mod [Tx|) | 0 < w < (|Th|/|pn|) — 1}. For example, if Figure 1b, if we consider j = 3 and
h =1 and we pick k = 5, then 5 € D3, 5 refers to T1, p1 = abe, |p1| =3, |T1| =6, k1 =1
and G = {2,5}.

To compute G we need to compute |Tj| and |pn|. We have already seen that we can
compute |Ty| in O(1) time using B (see Section 3.1), and we now store a bitvector Bj to
compute |pp| in O(1) time (see Figure 3). The bitvector B3 contains exactly d ones, we have
Bs[1] = 1, and for every 1 < h < d the number of consecutive zeros after the h-th one is
lon| — 1. Then, |pp| = selecty (B3, h + 1) — select; (Bs, h) for every 1 < h < d.

Let us define a suffix array for 7. Let ~ be the equivalence relation on {1,2,...,n} such
that for every 1 < k,k* < n we have k ~ k* if and only if k£ and k* belong to the same
D; and refer to the same string 7. Fix 1 < j < n’. Notice that Dj is the union of some
~-equivalence classes. Let D;- be the subset of D; obtained by picking the smallest element of
each ~-equivalence class contained in D;. In Figure 1b, for j = 3, the partition of D3 induced
by ~ is {{2,5},{14}}, so D§ = {2,14}. Then SA is the array obtained by concatenating
the elements in D}, the elements in D, ..., the elements in D/, (see Figure 3), where the
elements in D; are sorted from smallest to largest. Equivalently, the elements in each D; are
sorted according to the indexes of the strings to which they refer (by definition, two distinct
elements of D’ cannot refer to the same string). We also define a bitvector By to mark the
beginning of each D;- (see again Figure 3). More precisely, B4 contains exactly n’ ones and
for every 1 < j < n’ the number of consecutive zeros after the j-th one is |D;| —1.
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j 2 3 4 5 6 7 8

LCPj] |3 0 5 2 0 4 1

Bslj] |1 0 0 0 0 0 1

TR (o)—(2) (2)
() (b)

Figure 4 The LCP array of the dictionary T = (abcabc, beabe, cab) in Figure 1. We use the
sampling factor s = 2. The graph in (b) is the graph @ used to determine which values will be
sampled. Yellow nodes are the sampled nodes.

Fix 1 < k < n, where k € Dj refers to string 7},. Note that there exists ¢ such that
SA[t] = k if and only if k € D}, if and only if k;, < k < kj, + |pn| — 1. Moreover, for every
k € Dj we have that [k]~ = {k + w|pn| | 0 < w < (|Th|/|pn]) — 1} is the set of all elements
of Dj referring to Tj,. In particular, SA is an array of length n* = Z;il |Di| = Zizl |on]
(in Figure 3, we have n* = 11).

The suffix array SA has the desired property: given 1 < j < n’/, we can compute the set
Dj in O(|Dj]) time as follows. We first retrieve D} by observing that its elements are stored

in SA[t], SA[t+1], SA[t+2], ..., SA[t'], where t = select;(By, j) and ¢’ = select; (By,j+1)—1.

Then, for every k € D;, we know that k refers to string T}, where h = rank; (B, k), and we
can compute the set [k]. of all elements of D; referring to T} as shown above. Then, we
have D; = (J,,c p [k]~ and the union is disjoint.

Storing SA e)Jcplicitly can require up to nlogn bits, so to achieve the space bound in
Theorem 1 we need a sampling mechanism similar to the compressed suffix array of a string:
we will sample some entries and we will reach a sampled entry by using the backward search
to navigate the string (see [42]). More precisely, in our setting we will use the query prev(j)
of Theorem 9 to navigate G in a backward fashion. Note that in the conventional case of
a string, if we start from the end of the string and we apply the backward search, we can
reach each position of the string, but in our setting the graph G is the disjoint union of
some cycles (see Figure 2), and the backward search does not allow navigating from a cycle
to some other cycle. This means that we will need to sample at least one value per cycle. In
the worst case, we have d cycles (one for each T}), so in the worst case we need to sample at
least d values.

After choosing an appropriate sampling factor s, we store the sampled values in an array
SA™ (respecting the order in SA), and we use a bitvector Bs to mark the entries of SA[k]
that have been sampled (see Figure 3). We finally obtain the following theorem.

» Theorem 10. Let T be a dictionary. By storing o(nlogco) + O(n) + O(dlogn) bits, we
can compute each entry SA[t] in O(logn) time.

We conclude that, by storing the data structure of Theorem 10, for every 1 < j < n’ we
can compute D; in O(|D;|logn) time.
3.3 The LCP Array of T

Let us define the longest common prefix (LCP) array of 7. We know that S; < So < -+- < S,
so it is natural to give the following definition (see Figure 1b and Figure 4a).

» Definition 11. Let T be a dictionary. Let LCP = LCP[2,n] be the array such that
LCP[j] = lcp(S;j-1,8;) for every 2 < j <n'.
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(L, 3, [6,

beabceb . .. beabebe . . . beabebea .
abcabe . .

1,1] 3,4 [5,9] 6, 8.8]
abea. / \cab abeab. / \cabc )// \\
2,2] 3.3] [4,4]
(a) (b)
t 12345678 90123456789 012345¢6 738
Zsuff(’]')[t] 111010011101 00100111010O010©00
Br[t] 001010000101 O0O01O0O0OO0OO0O1O0O1O0OO0OT1O0O0OPGO
Bslt] 1000110001111 00000O0O001100WO0TO0T?1
Zsuft (T) f]|]1 101010100
()

Figure 5 (a) The suffix tree Suff(7T) of the dictionary T = (abcabe, beabe, cab) in Figure 1. Marked
nodes are orange. (b) The tree Suff*(7). (¢) The bit arrays to navigate Suff(7) and Suff* (7). The
first row compactly includes all indexes ¢ from 1 to 28.

Note that each LCP[j] is finite because the S;’s are pairwise distinct. Let us prove a
stronger result: LCP[j] < n’ — 2 for every 2 < j < n’ (Lemma 12). This implies that we can
store an entry LCP[j] using at most logn bits.

» Lemma 12. Let T be a dictionary. Then, LCP[j] <n’ —2 for every 2 < j <n/.

Storing the LCP array explicitly can require n logn bits, so to achieve the space bound of
Theorem 1 we need a sampling mechanism similar to the one for suffix arrays in Section 3.2.

Recall that, given an array A[l,n], we can define range minimum queries as follows: for
every 1 <i < j <mn, rmqu(i,j) returns an index ¢ < k < j such that A[k] = min;<,<; A[h].
There exists a data structure of 2n + o(n) bits that can solve a query rmq4 (4, j) in O(1) time
without accessing A [28]; moreover the data structure always returns the smallest i < k < j
such that A[k] = minighsj A[h}

Let us store a data structure for solving range minimum queries rmq, cp on LCP in O(1)
time. We will use this data structure to retrieve each entry of the LCP array from our
sampled LCP array. The main idea is to use the sampling mechanism in [23]: an auxiliary
graph @ allows determining which values will be sampled based on a sampling parameter s
(see Figure 4b). Then, we define an array LCP* that stores the sampled values (respecting
the order in LCP, see Figure 4a), and a bitvector Bg to mark the sampled entries of LCP
(see Figure 4a). By choosing an appropriate s, we obtain the following result.

» Theorem 13. Let T be a dictionary. By storing o(nlogo) 4+ O(n) bits, we can compute
each entry LCP[j] in O(logn) time.
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3.4 The Topology of the Suffix Tree of T

We can now introduce the suffix tree Suff(7) of our dictionary T (the details are discussed
in the full version). Refer to Figure 5a for an example. The (infinite) set of all finite strings
that we can read starting from the root is P = {S;[1,t] | 1 < j <n/,t > 0}. Every node is
an interval that describes the strings that can be read starting from the root and reading a
nonempty prefix of the last edge. For example, the set of all strings P for which P is a prefix
of §; if and only if 3 < j < 4 is {bca, beab, beabe} and, in fact, the set of all strings that reach
node [3,4] is {bca, beab, bcabc}. The suffix tree contains exactly n’ leaves (namely, [4, j] for
every 1 < j < n'), and the set A/ of all nodes has size at most 2n’ — 1. The set of all strings
reaching a node [, 7] is finite if and only if [¢, 7] is an internal node, and in this case the
longest string reaching [¢, ] has length A\, = lcp(Se, S;), which can be computed by using
the LCP array (for example, A3 4 = lcp(S3,Ss) = 5). The suffix tree 7 is an ordinal tree, and
any ordinal tree T with ¢ nodes can be encoded using its balanced paranthesis representation
Zr[1,2t], a bit array that we can build incrementally as follows. Visit all nodes of the tree in
depth-first search order (respecting the order of the children of each node) starting from the
root. Every time we encounter a new node u we append an 1, and as soon as we leave the
subtree rooted at u we add a 0. Hence Zr[1,2¢] is a bit array containing exactly ¢ values
equal to 1 and ¢ values equal to 0 (see Figure 5c for the balanced parenthesis representation
Zsus(y of Suff(T)). Navarro and Sadakane showed how to support navigational queries
on the balanced representation of an ordinal tree in compact space and constant time (see

the full version), and we store such a data structure for Suff(7) (which requires O(n) bits).

To correctly switch to the balanced parenthesis representation of Suff(7), we also store a
bitvector By of length 2|\ such that for every 1 < ¢ < 2|N| we have Br[t] = 1 if and only if
(i) Zsust(7[t] = 1 and (ii) the index ¢ corresponds to a leaf of Suff(T’) (see Figure 5c).

4  Solving Circular Dictionary Matching Queries

In the following, we consider a pattern P = P[1,m] of length m, and we want to compute
Cdm(7, P).

Fix 1 <i < m. We need to compute all 1 < k < n such that 7, occurs in P at position
i. In general, if k € Dj, then S; = T, hence T, = S;[1,|7Tx|] € P, which means that T
identifies a node of Suff(7). This means that, if £ occurs in P at position ¢, then there exists
i’ > i such that P[i,i'] € P, and then every prefix of P[i,4'] is also in P (because every
prefix of a string in P is also in P). Consequently, by considering the largest i* such that
Pli,i*] € P, we know that we only need to consider PJi,i*] to compute all 1 < k < n such
that 7 occurs in P at position . We can then give the following definition.

» Definition 14. Let T be a dictionary, and let P € ¥*. For every 1 < i < m, let t; be the
largest integer such that i — 1 < t; < m and Pli,t;] € P.

Note that t; is well-defined for every 1 < i < m because P[i,i — 1] =€ € P.

Fix 1 <i<m,1<j<n andk e Dj. If j € [lps],rppiel, then Pli,t;] is a
prefix of §; = T and so T occurs in P at position ¢ if and only |Tx| < |P[i,t;]|. If
J & [Lp[it.]> Pi,t.)], we know that P[i, ;] is not a prefix of 7, but it might still be true that
a prefix of P[i,t;] is equal to Ty. Let PJ[i,¢*] be the longest prefix of PJi,t;] that is a prefix
of T (or equivalently, let i* be the largest integer such that j € [(p[; ;+],7p}i,i+]). Then,
Tk occurs in P at position ¢ if and only |7| < |P[i,i*]|. To compute |P[i,*]], first notice
that every prefix of P[i,t;] reaches an ancestor of [(p[; +,],7p[i,¢,]], and every string reaching
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a strict ancestor of [(p[; 4,1, 7pi¢,]] is a strict prefix of P[i,#;]. As a consequence, we can first
compute the nearest ancestor [/, 7] of [(p[; ¢,1,7p[i¢,]] for which j € [£,7], and then |P[i,i*]|
is the length Ay ,» of the largest string reaching node [¢, r'].

The following lemma captures our intuition.

» Lemma 15. Let T be a dictionary, let P € X*, let 1 <i<m andlet1 < j<n’.

1. Assume that j € [{pi ], 7pPli))- Then, for every k € D; we have that Ty, occurs in P at
position i if and only if |Te| < t; — i+ 1.

2. Assume that j & [(ppi i), 7pli]- Let [£,7] be the nearest ancestor of [Lpp i1, 7pit,]] 0
Suff(T) for which j & [¢,r]. Then, [{,r] is not the root of Suff(T). Moreover, let [¢',r']
be the parent of [¢,r] in Suff(T). Then, j € [¢(',£—1]U[r+1,7'], and for every k € D;
we have that Ty, occurs in P at position i if and only if |Ti| < Apr .

Fix 1 <4 < m. To implement Lemma 15, we should navigate Suff(7") starting from node
[p[it.)s TP[it,]], S0 we need to know Lp; ;. and 7py; 4,1 Moreover, if j € [£py; 1.1, ppi,] and
k € D;, we know that Ty occurs in P at position ¢ if and only if |T| < ¢; —i+ 1, so we also
need to compute ¢;. In the full version, we present an O(mlogn) algorithm to compute all
the ¢;’s, all the £pf; +,1’s and all the rp[; ;,)’s. The algorithm shares many similarities with
Ohlebusch et al’s algorithm for computing matching statistics using the FM-index and the
LCP array of a string [44].

For every 1 <i < m, let Cdm;(T, P) be the set of all 1 < k < n such that Ty occurs in P
at position 4, and let occ; = |Cdm; (T, P)|. Computing Cdm(7, P) is equivalent to computing
Cdm; (T, P) for every 1 < i < m, and occ = Z:Zl occi. In view of Theorem 1, it will be
sufficient to show that we can compute Cdm; (7, P) in O((1 4 occ;) logn) time, because then
we can compute each Cdm(7, P) in Y_", O((1 + oce;) logn) = O((m + occ) logn) time.

Fix 1 <4 < m. Lemma 15 suggests that, to compute Cdm;(7, P), we can proceed as
follows. We start from node [£py; 1,1, 7p[it,] is Suff(T), we consider every j € [£pp; 1., 7 plit)]
and every k € D;, and we decide whether 7T;, occurs in P at position ¢ (we will see later how
to do this efficiently). Next, we navigate from node [¢p[; +,],7p[i¢,)] up to the root. Every
time we move from a node [¢, 7] to its parent [¢/, 7], we consider every j € [¢/,£—1]U[r+1,7’]
and every k € Dj;, and we decide whether 7j occurs in P at position ¢ (again, we will see later
how to do this efficiently). To navigate Suff(7) from [£py; 1.}, 7 P[] to the root, in the worst
case we visit many nodes — say Q(logn) nodes. If each of these steps leads to discovering
at least one element in Cdm; (7, P) we can hope to achieve the bound O((1 + occ;) logn),
but in the worst case many steps are not successful, occ; is small and we cannot achieve the
bound O((1 + occ;) logn).

Notice that i only determines the initial node [£py; +,],7p[it,)], but once we are navigating
Suff(T) up to the root, we do not need i to assess whether we have found an element of
Cdm;(T, P), because Ty, occurs in P at position ¢ if and only if | 7| < Ap v, and Ap v does
not depend on ¢. This means that we can determine which nodes will allow discovering an
element of Cdm; (7, P) before knowing the pattern P (that is, at indexing time). We can
then give the following definition which, crucially, does not depend on i or P (see Figure 5a).

» Definition 16. Let T be a dictionary, and let [(,r] € N. We say that [¢,r] is marked
if one of the following is true: (i) [¢,r] = [1,n/] (i.e., [¢,r] is the root of Suff(T)), or (ii)
[¢,r] # [1,n'] (i.e., [(,r] is not the root of Suff(T)) and, letting [¢', 7] be the parent of [¢,r] in
Suff(T), there exists j € [¢',¢ — 1] U [r 4+ 1,7'] and there exists k € D; such that |Tg| < Apr .

When we navigate Suff(7") from [£py; 1,1, 7p[i+,)] to the root, we should skip all non-marked
nodes. Notice the set of all marked nodes induces a new tree structure. More precisely,
consider the ordinal tree Suff*(7) with root [1,n/] defined as follows. The set N'* of nodes is
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the set of all marked nodes in N; in particular, the root [1,7n'] of Suff(7") belongs to N**. We
can now build Suff*(7) incrementally. We traverse all nodes of Suff(7") in depth-first search
order, respecting the order of the children of each node (this is the same order used for the
balanced parenthesis representation of Suff(7)). The first marked node that we encounter is
[1,7n/], which will be root of Suff*(7). Then, every time we encounter a marked node [¢, 7],
let [¢',r] be the nearest strict ancestor of [¢,r] in Suff(7) that is marked, namely, [¢',r']
is the first marked node that we encounter after [¢,r] in the (backward) path from [¢, 7]
to [1,n] in Suff(7). Then, [¢/,r'] will be the parent of [¢,r] in Suff*(T), and if [¢',7'] has
already been assigned ¢ > 0 children, then [¢,r] will be its (¢ + 1)-th smallest child. See
Figure 5b for an example, and see Figure 5c for the balanced parenthesis representation of
Suff*(7). In addition to Navarro and Sadakane’s data structure for the tree Suff(7), we also
store the same data structure for the tree Suff*(7), which also requires O(n) bits.

We also remember which nodes of Suff(7") are marked by using a bitvector Bg of length
2| N such that for every 1 <t < 2|N| we have Bg[t] = 1 if and only if Zsq (7 [t] is one of
the two values corresponding to a marked node of Suff(7). More precisely, we build Bg as
follows. We visit all nodes of Suff(7) in depth-first search order, respecting the order of the
children of each node. Every time we encounter a new node u we append an 1 if u is marked
and a 0 if v is not marked, and as soon as we leave the subtree rooted at u we add a 1 if u is
marked and a 0 if u is not marked (see Figure 5¢). By using Bg, in O(1) time (i) we can
move from Suff(7) to Suff*(7T) and from Suff*(7") to Suff(7) and (ii) we can determine the
nearest marked ancestor of a node (see the full version).

Define the array Len of length n* = 22:1 |pn| (the length of SA) such that Len[t] = |Tsap|
for every t (see Figure 3). We will not store Len, but only a data structure supporting range
minimum queries on Len in O(1) time, which requires O(n) bits (see Section 3.3).

We now have all the ingredients to prove Theorem 1, our main claim. As we have
seen, it will suffice to compute each Cdm; (7, P) in O((1 + occ;) logn). We start from node
[Cp[it,)> TP[i,t,)], and for every k € Uép[i»ti]SjSTP[i,ti] D; we determine whether 7 occurs in P
at position ¢. By Lemma 15, we need to check whether |7;| < t¢; — i+ 1, so we repeatedly
solve range minimum queries on Len starting from the interval [(p; ¢,1,7p[i¢,]] to find all ks

for which 7T occurs in P at position 4 in time proportional to the number of such occurrences.

Next, we compute the lowest marked ancestor of [{p[; 1, 7p[is,], and we use Suff*(T) to
determine all marked ancestors of [{p(; 1], 7pi,)]- Let [¢,7] be one of these ancestors, and let
[¢',7'] be its parent in Suff(7"). For every k € (Up<j<p—1 Dj)U(U,41<j< Dj), we determine
whether 7 occurs in P at position i. By Lemma 15, we need to check whether |7z < Apr -,
so we repeatedly solve range minimum queries on Len starting from the intervals [¢/, ¢ — 1]
and [r + 1,7'] to find all &’s for which T occurs in P at position ¢ in time proportional to
the number of such occurrences.

The details of the proof of Theorem 1 are in the full version. Note that we cannot directly
infer that our data structure is an encoding of 7 from Theorem 9 because the graph G is
not sufficient to retrieve 7.

5 Conclusions and Future Work

We have shown how to improve and extend previous results on circular dictionary matching.

In the literature, much effort has been devoted to designing construction algorithms for
the data structure of Hon et al. [36] and, implicitly, the eBWT of Mantaci et al. [40]. All
available approaches first build the eBWT and the suffix array of circular strings, and then
use the suffix array of circular strings to build the remaining auxiliary data structures. In
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[32], Hon et al. showed that the eBWT and the suffix array can be built in O(nlogn) time
using O(nlogo 4 dlogn) bits of working space. Bannai et al. [7] improved the time bound
to O(n) by showing that the bijective BWT can be built in linear time (Bonomo et al. [10,
Section 6] showed how to reduce in linear time the problem of computing the eBWT to the
problem of computing the bijective BWT). A more direct algorithm was proposed by Boucher
et al. [11]. However, all these algorithms are still based on assumptions (i-ii) in Section 1
and cannot immediately applying to our setting in which we consider an arbitrary dictionary.
After building the e BWT and the suffix array, it is possible to build the remaining auxiliary
data structure in O(nlogn) time using O(nlogo + dlogn) bits of working space [33]. Some
proofs in [33] are only sketched, but it is not too difficult to show that, if we do not insist
on achieving O(nlogo + dlogn) bits of working space, it is possible to build the remaining
auxiliary data structure from the eBWT and the suffix array in linear time.

In a companion paper, we will show that the data structure of Theorem 1 can be built in
O(n) time. The main technical issue is understanding how to remove assumptions (i-ii) in
Section 1 when building the suffix array. The algorithm by Boucher et al’s [11] is a recursive
algorithm based on the SAIS algorithm [43] for building the suffix array. SAIS divides all
suffixes into two categories (S-type and L-type). We will show that, to remove assumptions
(i-ii), we will use three (and not two) categories, building on a recent recursive algorithm [19]
for constructing the “suffix array” of a deterministic automaton.

The natural question is whether the data structure of Theorem 1 (or a similar data
structure with the same functionality) can be built in O(n) time within O(nlogo + dlogn)
bits of working space. We conjecture that this is possible but, thinking of the case d = 1,
this problem should be at least as difficult as building the compressed suffix tree of a string
in O(n) time and O(nlog o) working bits, which requires advanced techniques [41, 9].
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